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Abstract. In this study, we examine modern reading of the Square of
Opposition by means of intensional logic. Explicit use of possible world
semantics helps us to sharply discriminate between the standard and
modal (‘alethic’) readings of categorical statements. We get thus two ba-
sic versions of the Square. The Modal Square has not been introduced in
the contemporary debate yet and so it is in the centre of interest. Some
properties ascribed by mediaeval logicians to the Square require a shift
from its Standard to Modal version. Not inevitably, because for each
of the two squares there exists its mate which can be easily confused
with it. The discrimination between the initial and modified versions of
the Standard and Modal Square enable us to separate findings about
properties of the Square into four groups, which makes their proper com-
parison possible. The disambiguation so achieved leads to the solution
of various puzzles often mentioned in recent literature.
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1. Introduction

Does “All chimeras are creatures” entail “Some chimeras are creatures”?
Which of the two statements has existential import? These are examples of
several persistent and controversial questions related to the Square of Oppo-
sition which are addressed in this paper. Rather than the classical reading
of the Square, the starting point of the present investigation is the Standard
Square of modern logic textbooks. Only a few enrichments to it are made
when utilizing some intensional logic which is capable to fix e.g. partiality
failures related to existence issues.
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The main contribution of our investigations consists in a disambiguation
of the prevailing discourse! about the Square. We show a rival of the modern
reading of the Standard Square, we call it modified modern reading. Not in
the former, but in the latter Square the entailment of “Some non-self-identical
objects are non-self-identical objects” from “All non-self-identical objects are
non-self-identical objects” holds, the particular statement is thus not false
because of existential import. The modified modern reading of the Standard
Square simply treats another quadruple of sentences than the unmodified
modern reading. Gottschalk’s pioneer modern work on the Square [13] seems
to contain this second kind of Square.

But another progress must be made because there remain questions
unanswered by the first attempt just mentioned. We will thus expose two
readings of the Modal Square of Opposition, i.e. the Square deploying modal
versions of categorical statements. Altogether, we thus treat a tetrad of re-
lated Squares. This move is required because some categorical sentences and
puzzles involving them implicitly presuppose modality. (Of course, our re-
sults are also applicable for the case of explicit modality.) For example, if
“All chimeras are creatures” is meant as a necessary (de dicto) statement,
then in every world a chimera exists, it is a creature; this holds also in at
least one world and the entailment of “Some chimeras are creatures” thus
holds.

The Modal Square of Opposition comes in two versions, the modern
reading and the modified modern reading. The latter one has been met al-
ready by mediaeval logicians. We will find e.g. that contrariety and subcon-
trariety do not hold in it. This Square is thus not a simple projection of the
modified modern reading of the Standard Square in which the two relations
hold.

The Modal Square of the modern reading is the most novel one. Not
only because of this, most findings stated in this paper focus, directly or
less directly, on this Square. We find, for example, that subalternation is
nearly valid in it, the exception only being made by void properties which
are ignored even by some contemporary metaphysicians.

The present paper is organized as follows. We begin, Section 2, with a
brief introduction to the logic convenient for our purposes, viz. Transparent
Intensional Logic. In Section 3, we expose modern reading of the Standard
Square, stating familiar and also some less familiar facts. The modified mod-
ern reading of the Standard Square is exposed in Section 4, where we com-
pare it with Gottschalk’s Square. This Section is followed by a short Section
5 which treats the modified reading of the Modal Square. Section 6 concerns
modal reading of categorical statements and is preparatory for Section 7 in
which we expose the modern reading of the Modal Square. The conclusions
close the paper in Section 8.

1Needles to remind the present reader of the recent wave of scholars, papers, books and
events organized by J.—Y. Béziau which are focused on Squares, Hexagons and other figures
displaying oppositions (cf. [6]).
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2. A brief introduction to Transparent Intensional Logic

2.1. Semantic scheme, constructions, type theory, deduction

Pavel Tichy’s Transparent Intensional Logic (TIL) which we use here for its
convenience is a substantial modification of Church’s typed A-calculus [8].
Rivalling the well-known system by Montague, the most important applica-
tions of TIL are in semantics of natural language (propositional attitudes,
subjunctive conditionals, modalities, verb tenses, etc.).?

The semantic scheme employed in TIL involves the level of hyperinten-
stons the need for which was repeatedely argued in recent literature:

e expression E expresses:

e counstruction C' (i.e. meaning explicated as hyperintension); E denotes,
C constructs:

e intension/extension (i.e. explication of denotation).

Constructions are structured abstract entities of algorithmic nature (for their
careful description and defence see esp. [33]). They have an ‘intensional prin-
ciple of individuation’: every object is constructed by infinitely many equiv-
alent, but not identical constructions. For instance, the number eight is con-
structed e.g. by multiplying four by two or the square root of sixty four,
which are two distinct, yet congruent constructions. Every construction C' is
specified by i. the object O constructed by C, ii. the way how (by means of
which subconstructions) C constructs O.
Constructions are usually written by familiar A-terms such as:

HX” ‘ “1,77 | “I:FX:I” | “)\LE[FI]”.

Note thus that constructions — not usual set-theoretic entities — are direct
semantic values of TIL A-terms. The behaviour of four basic kinds of con-
structions can be described in a simplified way as follows. Dependently on
valuation v,

i. the trivialization X v-constructs directly the entity (a non-construction
or construction) X;
ii. the variable zj v-constructs the k-th object in the sequence (a part of
v) of objects of the type the variable ranges over;
iii. the composition [C Cj...Cy] (where C, Chy, ..., C, are any con-
structions) v-constructs the value (if any) of the n-ary function (if any)
v-constructed by C' at the argument (if any) v-constructed by C4, ...,

Ch;
iv. the closure Az ...z, Cv-constructs the n-ary function from (strings of)
values of x1, ..., x, to the corresponding results of C'.

2For simplicity reasons, I will entirely suppress temporal parameter below. For applications
of TIL see esp. [33, 34], [11], [23].
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Constructions of well-known binary logical or mathematical operators will
be written in infix manner. Constructions of form [C' w] will be abbreviated
to C',. Brackets will often be omitted; sometimes, they will be eliminated
with help of so-called dot convention, whereas the dot indicates the left-hand
bracket and the corresponding right-hand bracket should be imagined as far
right as it is consistent.

TIL utilizes an instance of Tichy’s type theory, which is a substantial
modification of Church’s simple theory of types [8]. Let base B be a non-
empty class of pairwise disjoint collections (sets) of primitive objects, e.g.

Bri={¢,0,w},

where ¢ is the type of individuals, o is the type of (two) truth-values and w
is the type of possible worlds. The hierarchy of (first-order) types is defined
inductively as follows (§(;) is any type):

i. Any member of B is a type over B.

i If &, ..., &, € are types over B, then (££...&,) — i.e. the collection
of all total and partial n-ary functions from &1, ..., &, to & — is a type
over B.

Tichy [33] ramified his simple type theory to enable non-circular quantifi-
cation over constructions. But this feature of TIL will not be, with some
exceptions, used here for simplicity reasons. Nevertheless, the typing of con-
structions used below is in full conformity with Tichy’s late type theory (cf.
[33], Definition 16.1).

For logical analysis of natural language expressions we utilize both ex-
tensions and intensions over Bryy,. Intensions are functions from possible
worlds; they are of type ({w), which will be abbreviated to “£,”. They com-
prise propositions, properties, etc. Intensions are chosen for denotation of
expressions whose reference varies across the logical space, e.g. “(be) dog”,
“the U.S. president”, “It rains in Paris”.

Now let us list types of some basic objects we discuss below (“/” abbre-
viates “v-constructs an object of type”):

e /¢ (an object belonging to the type &, briefly, a £-object; below, £ is usually
L
)

e U/(0(0€)) (the universal &-class); @/(o(0€)) (the total empty &-class)

e p/o., (a proposition); let P be any construction of the proposition P

1, 9/(0€). (a property of &-objects; its extension in W is of type (0€); let F

and G be any constructions of -properties F' and G

e w/w (a possible world)

o V¢ /(0(0f)) (the class containing the universal &-class); 3¢/(o(0€)) (the class
containing all nonempty &-classes)



Two Standard and Two Modal Squares of Opposition 5

e 1,0/0 (True, False); o/o (a truth value)

e —/(00) (the classical negation); A, V, —/(000) (the classical conjunction, dis-
junction, material conditional); boldface will be suppressed

o =%/(0t¢) (the familiar relation between £-objects); #%/(0£€); “¢” will be
usually suppressed even in the case of other functions/relations

e C,N/(0(0€)(0€)) (the familiar relations between £-classes).

The expressions “Fido is a dog” and “There is a dog” are analysed in TIL as
expressing the propositional constructions Aw[Dog,, Fido] and Aw.3Az[Dog,,
z], where Fido/: (the individual); Dog/(ot),, (the t-property).

Tichy [31], [32] proposed also a system of deduction for his simple type
theory. Sequents of the system are made from matches. The match z:C means
that the variable z v-constructs the same £-object as the (compound) con-
struction C. Deduction rules are made from sequents. D efinitions can be
viewed as certain rules of form + z:C < z:D, where “<” indicates inter-
derivability of the sequents written on its sides. Let “C < D” abbreviate “+-
2:C < z:D”. A simple example of definition: @ <4 Az0 (note that classes
are construed as characteristic functions).

2.2. Fixing partiality; properties of propositions and their constructions

Partial functions adopted in TIL enable us to aptly model partiality phe-
nomena such as empty descriptions or gappy propositions but also results of
existential import.

Partiality of functions usually causes abortiveness of constructions. A
composition [C' z] is v-improper, i.e. v-constructing nothing at all, if the
function constructed by C' is not defined for the value of z.

Adoption of partial functions and improper constructions has a strong
impact on the logical theory, since most classical laws do not hold (cf. [26]).
They have to be amended. De Morgan Law for exchange of quantifiers, for in-
stance, must be protected against the case when the extension of the property
F or G is a partial class, which would cause v-improperness of [[f 2] —[gw2]]
and then invalidity of the law:3

VAL[f wz]'—=[gwz]! & N[ wr]!—=[gwr]!].

“l...w...]" abbreviates “[True™™, Aw’[...w’...]]” which serves as a ‘defi-
niteness operator’. The total notion of truth of propositions involved in it is
definable by

[True™ ., p] <4 INo.[pw=0]Alo=1].

30n the right side of <, ! can be omitted. Below, we will also use ! even if it is not
inevitable.
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where True'™ /(oo,,),, (a property of propositions).* We will return to im-
properness and the role of ! in existential import in Section 3.4.

The second important feature of our logical framework is the fact that
properties of constructions of certain objects correspond to (‘supervene on’)
properties of those objects. We may therefore simply speak about properties
of objects without a strict need to speak also about properties of constructions
of those objects (in consequence of this, the reader is assumed to compile
appropriate definitions of notions applicable to constructions herself).

To illustrate, the truth™ of a proposition P makes all constructions of
P true*; truth of constructions is thus easily definable with help of truth of
propositions:

[rI\ruePT*kw Ck] <:>df [rI\rueTTrw 2Ck],

where True?™* /(0x;,),, (a property of k-order constructions; *;, is a type of

k-order constructions). The construction of form ?C (called “double execu-
tion”) w-constructs the object, if any, v-constructed by what is v-constructed
by C'. For another important example, let c¢*,d* /. (a k-order construction):

p ETql e YAw[pw!—qu!]
b 4] e Pt b 2]

where =7 /(00,,0,) (in fact, =" is the relation C between classes of worlds);
/(0 *k xx) (the relation between constructions), which is preferred of the
two notions. Below, we will steadily omit brackets of “[c* = d*]” as well as
proper indication that the constructions flanking = are introduced, using
trivializations, as constructions per se.

3. Modern reading of the Standard Square of Opposition

3.1. Categorical statements

Within TIL, the four familiar categorical statements, each being a proposi-
tional construction (i.e. constructing o,-objects), are captured with help of

«p .

abbreviated form | full form usual verbal expression
A AW VAL Fyz]! = [Guwz]! “BEvery F is G.”

E Aw VAz.[Fyz|'—= -[Gyuz]! | “No F is G.”

I Aw. NG [F ]!\ [Gwz]! “Some F is G.”

o Aw. ANz [Fyz]'A\-[Gwz])! | “Some F is not G.”

4Compare it with [True?™,, p] <ar [pw=1]. To the two notions of truth there correspond
two notions of falsity. Cf. [27] for analysis of truth in TIL.
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Each abbreviated form is definable by its full form, e.g.
Ay g VAL F 2= Gz

Each full form construction is the logical analysis of the respective verbal
expression. Below, we will sometimes loosely speak also about those verbal
expressions as categorical statements. Moreover, we will often speak about
categorical statements with help of the expressions “A” — “O”.

For the reason discussed in the end of 3.4, some authors formalize O-
statements with help of = and V. In our construal, which takes an advantage
of I, the ‘negation first’ forms of O- (etc.) statements are equivalent (because
of the law of quantifier exchange) to the non-‘negation first’ ones:

Aw. AN [F oy 2))A[G ]! & Aw.~VAz[F,z]l—[Gy2]l.

The four categorical statements can equivalently be rephrased using general-
ized quantifiers All, Some and No, adding here also the nameless[4] quantifier
NotAll:

[[ALl fu] guw] Sap VAz[fwr]!=[gwr]! (btw. & [fuw C guwl)
[[No fu] guw] ©a VAz[fuwz]l=o[gee]!  (btw. & [fwN gu] =0)
[[Some fu] gw] g Iz [fwz])Algwz]! (btw. < [fwN gw] £0)
[[NotAll f] gw] ©af ~VAz[fwz]'=[gwz]! (btw. & =[fuw C guw])

where All, Some, No, NotAll/((0o(0€))(0€)).> We thus have e.g. “All Fs are
Gs” with the meaning Aw[[All F,] G,].

3.2. The modern reading of the Standard Square

As is well known, noteworthy logical relations between couples of categorical
statements are often couched in the square whereas its edges and diagonals
represent relations obtaining between statements written in its vertices. The
modern reading of the Square does not fully preserve the classical construal,
thus the only important relation is contradictoriness; the square is then rather
a big “X”6:

5Adopted from [24], [25]. The definitions of All and Some are borrowed from [31] where
Tichy showed also concise proofs of various relations between constructions involving them.
Further remarks: definienda suggested in brackets are usual in the topic of generalized quan-
tifiers; common construal of generalized quantifiers as (binary) relations between classes
presupposes Schonfinkel’s reduction (‘currying’) which is not generally valid in the logic
utilizing partial functions.

6Cf. [16].
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“Every Fis & “No Fis "
AL Fy x]l=[ Gy A]! L N AR F x]l==] Gy ]!
A E
I o
“Some Flis 7 “Some Fis not G’
rwArx [ xIA[ Gy 1! row Arx [ £ x]IAA[ Gy x]!

Figure 1. The Standard Square in its modern reading.

Legend:
— — contradictoriness || ——— the relation holds
— —* subalternation - - - - the relation holds with an exception
¢— —* contrariety = || ......... the relation does not hold
*— —* subcontrariety

3.3. Contradictoriness and equivalences

The notion of contradictoriness is definable by
[Contradictory P Q] <4 VAw.—[P,!<Q,!],

where Contradictory/(oo,0,,) (the relation between propositions); V (or 3) is
here of type (00,) and can be written also as “C0” (or “¢”).

Usual formalization of relations in the Square — according to which P
and @ are contradictories iff —(P <> @), contraries iff P1@Q, subcontraries iff
PvQ@Q, @ is subalternate to P iff P— (@) — ignores modality, which obfuscates
the non-trivial reasons why the relations do not generally hold in the modal
interpretation of the Square (cf. 7.3-4).

Let us add that two well-known equivalence relations not diagrammed
in the above Square, viz. contraposition (e.g. “Every F is G” < “Every non-
G is non-F”) and obversion (e.g. “No F is G7 < “Every F is non-G”), are
fully confirmed on this reading. For that sake, one utilizes the function Non-
of type ((Og)w(of)w)7 whereas [[NOII- f]w I] <:>df _‘[fw l‘] -7

7122, 24]. This definition does not blur the (Aristotle’s) difference between ‘infinite’ (“non-
) and ‘finite’ (—) negation because ‘infinite’ negation is definable rather as [[NonT- f], z]

Sap ~lfw 7).
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3.4. Problems of existential import

As is well known, the Standard Square is constructed in the modern read-
ing only to preserve contradictories (and contrapositions and obversions),
whereas subalternation and (sub)contrariety® are invalidated because of ex-
istential import. The ‘term’ F' has existential import in a statement P of
which it is a subconstruction iff P is false when there is no F in W; we then
say that P lacks existential import iff F' has no existential import in it.

Suppose that there is no F' in W. The (intuitive) I- and O-statements
are then in natural sense false in W, F has existential import in them (how-
ever, cf. the modal reading below). But A- and E-statements are on the
modern reading true in W, not false, because the modern logic explicates
the (intuitive) A- and E-statements as lacking existential import. In a con-
sequence of this,

APAT and ERF-O.

From this, invalidity of subalternation and (sub)contrariety follows.

To preserve subalternation and (sub)contrariety would require strange
existential assumptions such as that only affirmative statements have existen-
tial import, which was recently embraced by Parsons [19, 20]. Not only that
such proposal gives up the logical basis of the modern reading, it also contra-
dicts our intuition. For instance, “All chimeras are creatures” or “All ogres
are ogres” are usually understood as true, thus lacking existential import, i.e.
not entailing existence of chimeras or ogres. For another intuitive fact, “Some
women are not mothers” naturally entails existence of women, having thus
existential import, which is likewise abandoned on Parsons’ construal.

Now let us explain how partiality relates to existential import. Suppose
that [F, x] v-constructs nothing (is v-improper). Then, e.g. the construc-
tion AMw.VAz.[F,x] =[Gy z] is false because — does not receive an argument,
Az.[Fx] =[Gy z] thus v-constructs a partial, not the universal, class and so
V returns 0.

There are two possible causes why [F', z] v-constructs nothing: i. the
property F' is not defined for the given world W ii. F,, v-constructs a partial
class which is not defined at W for the value of z (the property F is inap-
plicable to it). Only in the first case we can speak about existential import
as it has been defined above. Both causes of failure are fixed by employing !
because [F, x]! v-constructs 0 on such v.

The v-improper construction [F, z| is a subconstruction of all con-
structions A — O. If not containing !, each of them would be false on such
v. Thus, e.g. O would not be contradictory to A. Contradictoriness would
then only be preserved if O and E were in ‘negation first’ forms, i.e. O
being Aw.—~VAz.[F,z]—[Gyz], not Aw.I\x.[F,,z]A—-[Gyx]. This ‘negation

8 Abbreviating thus “contrariety and subcontrariety”.
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first’ form of O-statements was already proposed by Aristotle in De Inter-
pretatione ([1], see e.g. [20]), but it is doubtful whether it was for the same
reason we suggest here.

3.5. Subalternation, contrariety and subcontrariety

In the classical construal, the proposition @ is subaltern of P iff () must be
true if P is true and P must be false if @ is false. Using TIL,

[Subaltern Q P] <4 VAw[P,!—Q.,!].°

The definiens clearly shows the relationship of subalternation to entailment
from single statements: these relations are identical because [Subaltern Q P)]
< P E7Q.

Since on the modern reading A [~ I and E = O, subalternation does
not generally hold. The lack of subalternation invalidates contrariety and
subcontrariety because the left conjuncts of their definiens assume A =1
and E =0.

In the classical construal, two propositions are contraries iff they can-
not both be true but can both be false. As Sanford ([28], p. 96) noticed, the
second condition in the definiens cannot be omitted, as many recent authors
do, because contradictions would be contrary as well. Thus,

[Contrary P Q| <4 YAW[P,!—= Q! A INw[-P,!A=Q, ).

Classical example: A and E. On the modern reading, there is no example
because A E—-E.

In the classical construal, two propositions are subcontraries iff they
cannot both be false but can both be true. Again, the second condition can-
not be omitted ([28], p. 96) because contradictions would be subcontrary.
Thus,

[Subcontrary P Q] <qr VAw[—P,!'=Q."] A IAw[P,AQ.!].

Classical example: =I and O. On the modern reading, there is no example
because E [~ O.

3.6. The modern reading of the Standard Square and truth-conditions

To understand semantic behaviour of the categorical statements of the Square,
it is useful to rethink their truth-conditions. Firstly realize that each cate-
gorical statement of the modern reading attributes something to the class
C; which is v-constructed, on a particular valuation v, by the construction
C; which is the body of that kind of statement. Every categorical statement
is of form Aw.Q;C;, where @; is the corresponding quantifier, i.e. V, =3, 3,

9Subaltern, Contrary, Subcontrary /(0o 0,,) (the relations between propositions).
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or .10 The truth-condition of a categorical statement consists in a certain
quality attributed to C';. For instance, an A-statement is true iff the partic-
ular class C'4 v-constructed by Az.[F.,, z]!=[G, z]! is identical with U; the
truth-condition is thus C'4=U.
Each quantifier can be defined utilizing the corresponding truth-condition.

The universal quantifier V, for instance, is nothing but the only class which
includes U, viz. {U}; and it thus definable accordingly. Here is a list of such
definitions and their more common set-theoretic versions written in ordinary
notation:

statement | truth-condition | quantifier definition | alternative definition

A Ca=U Ve ©g [c=1] vV =g {U}

E Cp=0 [~3d <4 [c=0) -3 =4 {0}

I Cr#0 3 g [c#0] 3 =4 Powerset(U)—{0}
o] Co#U [~V ] &g [c#£U] -V =g Powerset(U)-{U}

The nature of truth-conditions of categorical statements yields an illu-
minative explanation why subalternation and (sub)contrariety are invalid on
the modern reading. Suppose there is no F' in W. Then,

Ca=U, Cg=U, C;=0, Co=0

(if there is an F in W, we usually get another quadruple of classes). This
quadruple evidently preserves contradictoriness. However, it does not pre-
serve subalternation and (sub)contrariety because these relations are depen-
dent on A = I and E |= O. But A |= I would hold if C4 were U and Cy
were also U, which would match the inclusion of {U} to Powerset(U)—{(} (cf.
the first and the third row of the above table). Analogously for the case of
E EO.

4. Modified modern reading of the Standard Square

4.1. The Standard Square of Opposition: two readings

We are going to put forward the modified modern reading of the Standard
Square, according to which not only contradictoriness but also subalternation
and (sub)contrariety hold. Yet it does not employ all four standard categorical
statements.

Without noticing its difference from the unmodified modern reading, the
modified reading seems to be suggested already by ([13], p. 195) as the Square
of Quaternality; cf. also ([7], pp. 315-6). In recent literature, the confusion

10We will treat the compound symbols of quantifiers as simple.
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persists because the modified reading is often introduced without a proper
notification.!!

4.2. The modified modern reading of the Standard Square

We have seen above that, on the modern reading of the Standard Square,
the four standard quantifiers apply to heterogeneous collection of four, not
necessarily distinct classes C'y — Cp v-constructed by four distinct construc-
tions. On the modified modern reading, however, the vertices are ‘decorated’
by a more tight class of constructions with one and the same body, namely
one construction v-constructing one particular class C.

Below, we write simply the constructions Aw.VC', Aw.—3C, etc. because
the particular form of the construction of C' does not matter — provided
Aw.Q;C is still a categorical statement (at least in a weaker sense). We may
label (but can’t define) the schematic statements by “A”” — “O"” whereas it
may happen that e.g. A’=A.

In comparison with the categorical statements displayed in the above
section 3.6, we have a distinct quadruple of statements, but with similar
truth-conditions:

statement schema | truth-condition
Aw.VC Cc=U
Aw.—3C c=0
Aw.3C C#0
Aw.—~vVC C#U

As indicated in our diagram below, all classical rules including subal-
ternation and (sub)contrariety hold in this Square. They are confirmed for
obvious reasons such as V C 3, which justifies Aw.VC |= Aw.3C and subal-
ternation of Aw.3C to Aw.VC' thus holds.

AV C rw=3C
A E’
I’ o’
rwdC eV C

Figure 2. The Standard Square in its modified modern reading.

1L A rare example of their distinguishing as Apuleian Square and the (Gottschalk’s) Logical
Quatern can be found in ([29], p. 294).
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Though it may contain statements such as Aw.3I\z.[F,, 2]!—= |G, z]! which
are not frequently expressed in ordinary language, the modified reading is
natural if we consider possible quantified forms of one basic statement, e.g.:

Aw VAL [F 2! =[Gy z]! normal categorical statement, viz. A

Aw. =3Iz [F z]!—=[Gwz]! | unusual categorical statement

Aw. 3Nz [Foyp 2] =[G uwz]! unusual categorical statement

Aw.~VAz[Fyz]l=[Gwz]! | equivalent to normal categorical statement O

Here are two examples where such Square is useful. Firstly note that
the interpretation of I-statements as containing — instead of A is inevitable
for explanation why e.g. “All non-self-identical objects are non-self-identical
objects” entails the statement “Some non-self-identical objects are non-self-
identical objects” whereas the latter statement is considered true despite
the nonexistence of non-self-identical objects. An analogous explanation can
be provided for “All chimeras are creatures” entailing “Some chimeras are
creatures”, though a more convenient explanation reads the two statements
as modal ones (cf. 5.1-2 below).

4.3. Gottschalk’s Square and duality

n [13], Gottschalk proposed Theory of Quaternality, which is a model of
many possible Squares of Opposition. A particular form employing standard
quantifiers resembles our modified reading. Gottschalk introduced it as the
Square of Quaternality for Restricted Quantifiers employing statements

(Vze F)(Gz), (Vxe F)-(Gx), (Jre F)(Gr), (Jr€ F)-(Gx),

where F' is a nonempty class. He considered it to be the Square in the tra-
ditional form ([13], p. 195). However, this is mistaken: z€F is a condition
on which z is G or non-G, thus all formulas contain an implicit —. For ex-
ample, his I-statement of his Square is then in fact Jz((Fz) — (Gx)), not
Jx((Fz)A(Gx)) of the modern reading. Note also that Gottschalk’s Square
is not the Square of our modified reading because the very same instance of
his Square contains 3z ((Fz) — —(Gz)) which differs from Jz((Fz) — (Gx))
of the corresponding modified reading.

Gottschalk ([13], p. 193) and lately e.g. Brown [7] and Westerstahl [36]
studied the Square with help of the notion of duality. From an input cate-
gorical statement one derives the other three as indicated in the following
table:

¢ (the original statement)

contradual of ¢ | by ‘negation’ of ¢’s variables

dual of ¢ by exchange of ¢’s dual constants (V for 3, V for A, =« for —)

negational of ¢ | by exchange of ¢’s dual constants and ‘negation’ of ¢’s variables
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The theory aptly describes relations between statements Vo P, Va—P, 3P,
—Vz P of our modified reading.

However, Gottschalk’s duality and contraduality work only for the mod-
ified reading, not for the modern reading of the Square. For instance, the
contradual of Vz((Fz) — (Gz)) is Vz(—-(Fz) — —(Gx)), not the familiar
Ve((Fx) — —(Gx)), and the dual of Va((Fz) — (Gz)) is Jz—(—(Fz) +
—(Gx)), i.e. Jx(=(Fz)A—=(Gx)), not the familiar Jz((Fx)A—(Gx)).

Brown [7], Westerstahl [36, 37], D’Alfonso [9] suggested in fact a remedy
to this problem by proposing another notion of dual. This way they returned
their attention from Gottschalk’s modified to non-modified reading of the
Square. They explicitly introduced “inner negation” (“post-complement”)
which places — properly inside a formula. The dual of Q(F,G) is then its outer
and inner negation (here ) is a generalized quantifier as a binary relation).
Adapting definitions from [7] and [9],

outer negation | ~Q(F,G) =qr (Powerset(U2){Q})(F,G)
inner negation | Q(F,—G) =45 Q(F,U-Q)
dual (QUF,G) ™l =4 =Q(F,-G)

5. Modified reading of the Modal Square of Opposition

5.1. Two readings of the Modal Square

We are going to introduce two readings of the Modal Square of Opposition,
i.e. the Square whose vertices are ‘decorated’ by modal (‘alethic’) categorical
statements. Each modal operator M; — i.e. O, =, ¢, or =[O0 — involved in
such statements is a ‘predicate’ for propositions, i.e. quantifier for worlds;
each is of type (0o,,) (a class of propositions). In modal (de dicto) categorical
statements, the operators are applied to propositions constructed by categor-
ical statements. The two Modal Squares differ analogously as the Standard
ones: one of them uses quadruple of statements with the same body, while
the other does not.

5.2. The modified reading of the Modal Square

We begin with the modified reading which deploys statements of form Aw.M;C,
whereas P, a categorical statement, is a construction of P.!? In each particu-
lar quadruple of statements projected on the vertices, the propositional con-
struction P is one and the same. This modified reading of the Modal Square
is obviously nothing but a type-theoretic variant of the modified reading of
the Standard Square.

12This reading of the Square as concerning modal and even deontic notions can be found
in Leibniz (cf. [14]), however, it was known already in the 13th century ([15], [35]). In
modern era, it was met by Gottschalk ([13], p. 195) and Blanché [3], see also [10].
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Analogously to the modified reading of the Standard Square, this read-
ing is natural when one considers various modal (de dicto) versions of one
given statement. But it is even more natural, cf. e.g. the following particular
example (accompanied by the traditional medieval terminology):

“Necessarily, all horses are animals”

necesses est esse

“Not possibly, all horses are animals”

impossible est esse

“Possibly, all horses are animals”

possible est esse

“Not necessarily, all horses are animals”

possible non est esse

In the following table, the four schematic statements (which can be
labelled “A"™M” — O'M”) are arranged together with their truth-conditions
and related definitions of modal quantifiers. Let L (as “logical space”) be the
universal class of possible worlds, an object of type o, i.e. the necessarily
true proposition; in such context, §) is the empty class of worlds, i.e. the

necessarily false proposition:

statement schema | truth-condition | quantifier definition | alternative definition
Aw.OP P—L O o p=L__| 0 =4 {L}
Aw.—OP P=0 [—0p] S af [p=0] =0 =q4r {0}

\w.OP P#D [0p]  ©dr [p#0] O =qr Powerset(L)—{0}
Aw.—OP P#L [-0p] < qr [p#L] -0 =45 Powerset(L)—{L}
rw P A0 P
AM EM
[I]lf 0 1Af
1w QP rw=0P

Figure 3. The Modal Square in its modified modern reading.

5.3. Subalternation, contrariety, subcontrariety

The modified reading of the Modal Square is isomorphic to the modified read-
ing of the Standard Square and it may seem that not only contradictoriness,
but also subalternation and (sub)contrariety hold.

Subalternation indeed holds. To demonstrate its validity, we may utilize

the following way of reasoning: ¢ is Powerset(L)—{(}, thus O (i.e. {L}) is its

subclass; consequently, Aw.OP= Aw.Q P, which justifies the subalternation

of Mw.OP to Aw.OP.
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Nevertheless, (sub)contrariety does not hold. The reason is that truth or
falsity of modal statements is stable across the logical space. For instance, the
A- and E-statements “Necessarily, all horses are animals” and “Not possibly,
all horses are animals” are in no world both false; contrariety is thus lost.
Quite analogously for subcontrariety: the I- and O-statements “Possibly, all
horses are animals” and “Not necessarily, all horses are animals” are in no
world both true.

6. Modal reading of categorical statements

6.1. Requisites

The novel modern reading of the Modal Square proposed below is based on
the assumption that in ordinary discourse we often understand categorical
sentences such as

“Every F'is G.”

as expressing a certain necessary connection between F' and G. (The state-
ments are thus analytic, i.e. necessarily true or necessarily false.) This con-
nection is sometimes made explicit by inserting “by definition” or even “nec-
essarily”, e.g.

“Every horse is, by definition, an animal.”.

Tichy ([31], §42) suggested reading such sentences as talking about so-called
requisites. We will adopt and extend his proposal.

Tichy defined the notion of requisite and essence for both individual
‘concepts’ (offices) and for properties; the two notions differ not only in type.
Essence is everything that is necessary for an object to become such and
such; essence is a certain collection of requisites. A requisite is thus one of
conditions, i.e. a property, an object must possess to become such and such.
For example, (BE) WINGED is a requisite of the individual office PEGASUS, it
is thus a property an individual must possess in W to be Pegasus in W.

In the case of properties, requisites are particular ‘subproperties’ of a
property. For example, (BE AN) ANIMAL is one of many requisites of (BE A)
HORSE. We will employ just this notion of requisite. It is definable by

[Requisite g f] <q DAw.VAZ.[fo ]! = [gw 7!,

where Requisite/(0(0) ., (0€),,) (the relation between £-properties). Note that
entailment of a proposition ) from a proposition P, i.e. in fact PCQ, is a
medadic case of entailment between properties (in every world W, the exten-
sion of F' C the extension of G). Thus,
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[Entails f g] <4 [Requisite g f].

Utilizing the preceding definition, we get two modal categorical statements
in their two equivalent forms:

“ntensional’ form form with explicit modality usual erpression
AM | \w[Requisite G F) Aw. O w VA [Fyz)!—[Gwz]! | “Necessarily, F is G.”
oM Aw—[Requisite G F] | AMw.0Aw.3Az.[Fywz]!Am[Gywz]! | “Possibly, F is not G.”

6.2. Potentialities

The second notion needed for investigation of the modal version of the Square
must be comparable with the notion of requisite. Let us call this novel, but
not entirely unfamiliar notion “potentiality”. To explain, an individual who
possess the property (BE A) HORSE has to be an animal; but the property
(BE A) HORSE admits the individual being white or fast, etc. The properties
(BE) WHITE, (BE) FAST are thus mere potentialities of the property (BE A)
HORSE.

On our definition, a property G is a potentiality of F' if there is at least
one possible world in which at least one individual F' possess G:

[Potentiality ¢ f] <4 O w.INz.[fy z]'A\[gw ]!,

where Potentiality /(o(0),,(0£).) (the relation between £-properties).
We complete the quadruple of modal (de dicto) categorical statements:

“intensional’ form form with explicit modality usual expression

IM | \w[Potentiality G F] Aw.QAw. N[ F o 2]\ [Gw ]! “Possibly, F is G.”

EM | \w—[Potentiality G F] | Aw.OAw.VAz.[Foyz)!'— —[Gywz]! | “Necessarily, no F is G.”

6.3. On the relationship of requisites and potentialities

Let us briefly compare the notions of requisite and potentiality. Here are
convenient examples of true modal categorical statements:

“Being an animal is a requisite of being a horse.” an AM _statement
“Being non-self-identical is not a potentiality of being a horse.” | an EM -statement
“Being black is a potentiality of being a horse.” an ™ _statement
“Being winged is not a requisite of being a horse.” an OM -statement

We can realize that a property which is a non-requisite of the property
(say) (BE A) HORSE is either its mere potentiality — it is e.g. the property
(BE) BLACK —, or it is a property no horse can ever instantiate — it is e.g. the
property (BE) NON-SELF-IDENTICAL. On the other hand, the property (BE)
NON-SELF-IDENTICAL is a non-potentiality of the property (BE A) HORSE;
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it can never be instantiated and it is thus also a non-requisite of properties
such as (BE A) HORSE. Note also that many requisites, e.g. (BE AN) ANIMAL,
(BE) FOUR LEGGED, of a property such as (BE A) HORSE are its potentialities
because it is fulfilled that there is at least one world in which at least one
horse possess the property; potentialities which are not requisites of a given
property can be set apart as pure potentialities.

There is a remarkable connection of the notions of requisite and poten-
tiality with the notions of essential and accidental property. A property is
essential for / accidental for an individual iff in every world W / at least
one world W, the individual instantiates the property in W. A property is
essential / accidental iff in every world W / at least one world W, there is
an individual who instantiates the property in W.13 Now a requisite / poten-
tiality G of a property F is definable as an essential / accidental property
for every bearer of F.

7. Modern reading of the Modal Square of Opposition

7.1. Modern reading of the Modal Square

In the modern reading of the Modal Square, we ‘decorate’ vertices of the
square by the modal versions of standard categorical statements, i.e. by AM
— IM ™ Each statement is of form Aw.M;P;, where P; is A, E, I, or O:

abbreviated form | statement schema | truth-condition
AM Aw.OPa Psy=L
EM 2w.—OPg Pp=0
™ Aw.O Py Pr#0
oM Aw.—OPp Po #L

13For an exhaustive study of such notions see [22] from which we borrow our definitions.
14 After finishing my paper, M. Duz{ — who is also using Tichy’s logic — reminded me that
she proposed the essentials of the modal modern reading of the Square in her presentation
named “Squaring the Square of Opposition with Empty Concepts” [12]. She also proposed
to call properties concepts, which leads to the quadruple of statements about their two
basic relations; schematically: “The concept F is subsumed by/compatible with the concept
G/non-G.”
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rowOhw Vix [ Frx)l—[Grx]! rwOrw ¥y [Fy x> Grx]!
“Necessarily, every Flis .7 “Necessarily, none Fis G.”
~wRequisite G F] Aw.a[Potentiality G F]
AM . M
: i
1 1
1 1
1 1
1 1
1 1
1 1
m 1
o O
~w[Potentiality G F] Aw.—[Requisite G F)
“Possibly, some Fis G.” “Possibly, some Fis not G.”
Sow 0w AL [Fr x])IA[Gr x]! rw 0w Arx [Fr x| Gy &

Figure 4. The Modal Square in its modern reading.

7.2. Usual lack of existential import

Using our modal reading of categorical sentences, we immediately resolve
the well-known puzzle concerning existential import and (especially) A- and
O-statements. On natural reading, “Every griffin is a creature” has no exis-
tential import and is true in every W, since it amounts to true saying that
a property is a requisite of another property. The sentence “Some griffin is
not a creature” is false in every W and has likewise no existential import
regardless of the existence of griffins.

It might then seem that modal categorical statements never have ex-
istential import. The exception from this rule concerns mainly [-statements
employing properties which have no instance in any possible world, being
thus empty in the whole logical space. For example, the I-statement “Pos-
sibly, some non-self-identical individual is G” is false because of existential
import of the term “non-self-identical individual”. Such properties (BE) NON-
SELF-IDENTICAL, (BE A) HORSE WHICH IS NOT HORSE, (BE A) BACHELOR
WHO IS MARRIED etc. can be called void properties.'®> Admittedly, they can
be called ‘contradictory beings’.

Because of ‘contradictory beings’, some O-statements have existential
import as well, consider e.g. “Possibly, some non-self-identical individual is
not G”. This may seem a bit odd: one might object that e.g. the property (BE
AN) ANIMAL is not a property of any particular non-self-identical individual
and so the A-statement “Necessarily, every non-self-identical individual is an

15Cf. [22], where void properties are defined and related to accidental, essential and partly
essential properties. However, there is only a partial correspondence of the quadruple of
those properties with the Square studied below because requisites and potentialities are
not essential or accidental properties, but kinds of properties essential for or accidental for
(cf. 5.3).
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animal” is false and the O-statement “Possibly, some non-self-identical indi-
vidual is not an animal” is consequently true, i.e. without existential import.
In that case, however, the A-statement must be understood as involving A,
rather than the usual —. Though it is a little bit puzzling, both properties
(BE AN) ANIMAL and (BE A) NON-ANIMAL are requisites of the property (BE)
NON-SELF-IDENTICAL, yet no non-self-identical individual possess them.

Because of the lack of existential import, weakened modes of syllogisms
— e.g. Darapti: “All H are F”, “All F are G”, “Therefore, some F are G”
— are valid on this modal interpretation, only with few exceptions contain-
ing ‘contradictory beings’. There is a hypothesis, not examined here, that
mediaeval logicians, who accepted the weakened modes, purposely ignored
these ‘contradictory beings’ because the properties simply have no possible
instances.

7.3. Subalternation

Similarly as on the modern reading of Standard Square, subalternation does
not generally hold because AM £ I'™ and EM & OM. The invalidity of
AM = M and EM = OM is caused by ‘contradictory beings’.

For an example consider the A-statement “Necessarily, everybody who
shaves all and only those who do not shave themselves is a barber”. It is true
because the ‘F-property’ is a requisite (even an essence) of the property (BE
A) (Russellian) BARBER. The A-statement does not entail its corresponding
I-statement “Possibly, somebody who shaves all and only those who do not
shave themselves is a barber” which is false because such barber cannot exist;
the ‘F-property’ is thus not a potentiality of (BE A) (Russellian) BARBER.
In other words, if ‘F-property’ is not a potentiality of the respective ‘G-
property’, subalternation of I-statement to the respective A-statement does
not hold.

To show invalidity of subalternation in the case of E- and O-statements,
consider the true E-statement “Necessarily, no non-self-identical individuals
are identical individuals” (whereas G = non-F') and the corresponding O-
statement “Possibly, some non-self-identical individuals are identical individ-
uals” which is false (of course, unless we use the ‘if-reading’ of the sentence
as in the end of 4.3).

7.4. Contrariety and subcontrariety

Similarly as in the modified modern reading of the Modal Square, contrari-
ety and subcontrariety do not generally hold. To see it, consider an instance
of the above definiens of contrariety, Aw.VAw[AM !— =EM 1] A I w[~
AM IA-EM ). If AM s true, there is no W in which it would be false.
The right conjunct cannot be satisfied, contrariety of AM to EM does not
generally hold. Analogously for the case of subcontrariety.

With our modal reading of the Square, we are ready to understand also
the puzzling fact noticed by Sanford ([28], p. 95): contrary statements can-
not be both false if one of them is true in all circumstances. For instance,
“All squares are rectangles” is a necessary A-statement thus the respective
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E-statement “No squares are rectangles” is necessarily false. This affects
also subcontrariety because the truth of A / E transfers to I / O. On our
approach, it is clear that this feature is peculiar to statements which are
equivalent to their modal versions, e.g. “All squares are rectangles” < “Nec-
essarily, all squares are rectangles”, “No squares are round” < “Necessarily,
no squares are round”, whereas in the Modal Square (sub)contrariety does
not hold.

7.5. On the Modal Hexagons of Opposition

To remind the reader, Gottschalk ([13], p. 195) introduced and investigated
Modal (‘Alethic’) Hexagon of Opposition with two new modal quantifiers
U and Y.' The Hexagon was independently discovered and developed by
Blanché [3] who defined the quantifier Y already in ([2], p. 370). Here are
definitions of the respective two notions and truth-conditions of statements
involving them:

statement schema | truth-condition | quantifier definition alternative definition
Aw.UP P=LVP=0___ | [Up] & [OpIV[=0p] | U =g {L.0}
Aw.YP P#LAP#0 [Y p] @4 [OP]A[-Op] | Y =45 Powerset(L)—{L,0}

The modal quantifier U is well known in philosophy as analytic or non-
contingency ([13], [3], [5], [10]). The modal quantifier Y can aptly be called
(purely) contingent ([2], [3], [13]; see [17], cf. also [21], [30]). Here are anal-
ogous names for familiar modal quantifiers: [ — necessary; = — impossible;
O — possible; =0 — nonnecessary.

Obviously, there are two readings of the Modal Hexagon: either with
statements of form Aw.M; P;, or Aw.M; P. Both Hexagons inherit properties
of the Squares involved in them. For instance, in the modified reading dia-
grammed below, subalternation holds but (sub)contrariety does not. This is
neglected by the most recent writers (admittedly, they assume the weakened
(sub)contrariety which is satisfied also by contradictory statements, cf. 3.5
above).

16We keep here the original notation though it clashes with our previous use of “U”.
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rw UP
UM
AP //' \\ A0l
AI]I[ El’]l[
[rM O M
rwOP ‘\\//' rwalP
yru
2w Y P

Figure 5. The Modal Hexagon in its modified modern reading.

8. Conclusions

To repeat the main ideas of this paper, there are two modern readings of the
Standard Square of Opposition:

i. the well-known Square of modern logic textbooks, for which subalter-
nation and (sub)contrariety do not hold; see Section 3;

ii. the less known Square encountered already by Gottschalk; on this mod-
ified modern reading of the Square, all classical relations, including sub-
alternation and (sub)contrariety hold; see Section 4.

We compared the two Squares, reviewing even some familiar facts. We showed
that certain confusions or strange claims occurring in the literature can be
explained as results of a shift from i. to ii. For instance, the entailment of
“Some ogres are ogres” from “All ogres are ogres” holds in ii. but not in i.

But there are also two modern readings of the Modal Square of Oppo-
sition, they employ modal versions of categorical statements:

iii. the Modal Square known already to mediaeval logicians is nothing but
another form of the Square ii.; contradictoriness and subalternation hold
in it but rigidity of truth or falsity of modal categorical statements
invalidates contrariety and subcontrariety; see Section 5;

iv. the novel Modal Square which is a certain modal version of the well-
known non-modal Square i.; see Section 7.

Again, some confusions occurring in the literature were easily disentangled
by pointing mainly to shifts from some standard to some modal Square.

As regards the Square iv., subalternation does not hold in it only be-
cause of existence of rare properties, called ‘contradictory beings’, which
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cannot be instantiated. Admittedly, one might dismiss these properties as
non-properties thus subalternation would generally hold. Common modal
(de dicto) categorical statements employed in iv. lack existential import; an
exclusion of ‘contradictory beings’ would then lead to validity of weakened
forms of syllogisms (e.g. Darapti) without an exception. (Sub)contrariety is
invalidated for the same reason as in iii., i.e. because of analytic character of
the modal (de dicto) statements — if true, they cannot be possibly false (and
vice versa) as the definition of (sub)contrariety requires.

The Square iv. is interesting as an interpretation also because pre-
modern tendencies to adopt some form of essentialism. The shift from i.
to iv. can thus nicely explain oppositions when we shift from ordinary dis-
course about contingent things to discourse in which fixed meaning relations
plays a role, e.g. in ‘mythological’ discourse ([18], p. 409), cf. the examples
with chimeras or ogres. Future work on the topic may focus on modal syl-
logistic utilizing mainly both Modal Squares, enriching the investigation by
combinations with non-modal or modal de re statements.
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