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Abstract: It is already known that Fitch's paradox of knowability can be
solved by typing knowledge. I di�erentiate two kinds of such typing, Tarskian
and Russellian, and focus on the latter which is framed within the rami�ed
theory of types. My main aim is to o�er a defence of the approach against
recently raised criticism. The key justi�cation is provided by the Vicious
Circle Principle which governs the very formation of propositions and thus
also intensional operators, including the operator of knowledge.
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1. Introduction: two kinds of typing knowledge

The famous Fitch's paradox of knowability,1 hereafter FP, seems
to prove that the epistemic optimism known as veri�cationism,
maintaining that every truth is knowable, is wrong.

Some approaches trying to solve the paradox restrict the formu-
lation of veri�cationism. Some other approaches attack the very
derivation of FP by revising its underlying logic. Among the lat-
ter strategies there is typing knowledge, i.e. strati�cation of the
knowledge operator K into an in�nite hierarchy of operators K1,
K2, . . . , Kn. It has not been recognized, however, that there are
altogether two kinds of such approaches. I call them �Russellian

1Discovered by A. Church when he was reviewing a paper by Frederick B.
Fitch in 1945 and published by Fitch in (1963, 138).
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typing knowledge� and �Tarskian typing knowledge�.
Russellian typing knowledge is framed within a Russellian ram-

i�ed theory of types (RTT), the most prominent example being
Church's (1976) reconstruction of Russell's RTT, the theory of r -
types. These RTTs implement the Vicious Circle Principle (VCP),
cumulativity, etc., and hierarchize structured propositions and other
intensional entities.

Tarskian typing knowledge is an application of Tarski's
(1933/1956) language/metalanguage distinction. It is characterised
by attaching subscripts to predicates such as �T� or �K� in order
to distinguish the proper level of their narrowed applicability. As
the title of the present paper suggests, I am rather going to discuss
Russellian typing knowledge.

Both typing approaches to FP have various proponents. Firstly,
I mention pioneer contributions by Alonzo Church who �rst saw
the possibility to block FP by Russell's or Tarski's method, as
these two were the only standard methods for solving paradoxes
at the time when Church wrote:

Of course the foregoing refutation of Fitch's de�nition of

value is strongly suggestive of the paradox of the liar and

other epistemological paradoxes. It may be therefore that

Fitch can meet this particular objection by incorporating

into the system of his paper one of the standard devices for

avoiding the epistemological paradoxes. (Church 2009, 17)

It should be added, however, that Bertrand Russell himself
typed propositions and even truths (cf. Whitehead, Russell 1910,
44�45) but not intensional operators such as belief or knowledge.
Confessing to his multiple relation theory of belief − criticized,
inter alia, by Church �, Russell held that the intensional operators
do not operate on propositions, thus he had no extra need to type
them.

Thirty years later, when solving another epistemic paradox,
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Church only utilized Tarskian typing with its strati�ed predicates,
not Russell's propositional functions:

If antinomy [i.e. the paradox of Bouleus] is to be avoided,

we must not simply introduce two primitive predicates, A

(�asserts�) and B (�believes�), but rather each must be sep-

arated into an in�nite hierarchy of predicates of orders 1,

2, 3, . . . (Church 1973�74, 23�24)

The �rst real application of typing to FP was proposed by Tim-
othy Williamson (2000, esp. 280�281). It is evidently Tarskian
typing, since Williamson explicitly evoked strati�cation of truth-
predicate, but did not mention Russell or any Russellian topic.

Application of Russellian typing knowledge to FP, and not only
to this paradox, was only published later by Bernard Linsky (2009).
Linsky used a bit simpli�ed version of Church's r -types, which is
perhaps the most popular Russellian RTT. However, a philosophi-
cal justi�cation of Russellian RTT is very rudimentary in Linsky's
paper. Russellian approach to FP was also investigated by Pier-
danielle Giaretta (2009) who was acquainted with the paper by
Linsky.

Tarskian typing was in fact adopted by many writers. Alexan-
der Paseau (2008) followed Williamson and elaborated some of his
ideas concerning justi�cation of the approach. For some technical
reason, this approach was immediately attacked by Volker Halbach
(2008); see Paseau (2009) for a defence.2

There are also other papers criticizing the typing approach to
FP. In the papers by Salvatore Florio and Julien Murzi (2009) and
by Mark Jago (2010), paradoxes similar to Fitch's were exposed.
The authors concluded that, since typing does not block them,
the typing approach does not preserve veri�cationism (cf. Florio,

2Halbach showed that diagonalization can restore a paradox similar to that
of Fitch. Paseau replied that the culprit is not the (Tarskian) typing but rather
some rule of modal logic they utilize.
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Murzi 2009, 468; Jago 2010). I must mention, however, that typing
knowledge and protection of veri�cationism are two quite distinct
tasks. One may well privilege typing knowledge without believ-
ing the epistemologically questionable claim of veri�cationism (or
antirealism). In other words, one of the main objections against
typing knowledge, viz. that typing does not protect veri�cation-
ism, should be considered unjusti�ed.

There is another group of arguments raised against typing ap-
proach to FP which are akin to an argument raised against RTT
already by Gödel (1944). Williamson (2000, 281), W. D. Hart
(2009, 322�323) and Carrara with Fassio (2011, 188) in fact con-
structed a revenge FP for typing approach. An exposition of the
criticism as well its detailed refutation could not be given here, see
my (2015) for that purpose.

One of the main aims of the present paper is a rejection of a
notable criticism raised against typing knowledge as performed by
Massimiliano Carrara and Davide Fassio (2011). Their major ob-
jection is that typing knowledge has no independent reason except
blocking the paradox, thus the method is ad hoc.

In this paper, I will argue in details that Russellian typing
knowledge is largely natural and even inevitable if one treats i.
(structured) propositions and ii. intensional operators. (The no-
tions of proposition and intensional operator will be discussed be-
low.)

The paper is divided into eight sections. In Section 2., I recap
the derivation of FP, including its presuppositions. Then, in Sec-
tion 3., I introduce the Tarskian approach. After providing back-
ground and main rules of Russellian typing generally in Sections 4.
and 5., I show the blocking of FP by this approach in Section 6. In
Section 7., I focus on the defence of Russellian typing knowledge
from the viewpoint of four kinds of justi�cation, which have been
recently discussed. Then, I approach the problem of validity of
a derivation rule which has to be rejected to complete the solution
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to FP by typing approach. Section 9. provides a summary of the
main results.

2. FP and its assumptions

As is well known, FP is produced by a combination of appar-
ently acceptable principles concerning knowledge and possibility.
These are often expressed using familiar notation of multimodal
logic: �Kp" represents `It is known (by someone) that p' and
�3Kp" represents `It is possible to know (by someone) that p'.3

The denotatum of �K" is a subclass of all propositions that ac-
tually hold, which are actually true. To illustrate, the thesis of
veri�cationism can be formalized as follows:

(Ver) ∀p (p ⊃ 3Kp) Veri�cationism (Knowability principle)

The most common derivation rules capturing semantic properties
of �K" are:

(Fact) Kp ` p factivity of knowledge (Knowledge axiom)

(Dist) K(p ∧ q) ` (Kp ∧ Kq)

distributivity of knowledge over conjunction

We need also two unproblematic rules of modal logic:

(Nec) if ` p, then ` �p necessitation rule

(ER) �¬p a` ¬3p interde�nability of modal operators

3In conformity with the actual praxis in logic, p is understood as a proposi-
tional variable and sometimes as a proposition. I use double quotation marks
for quotations of expressions; single quotation marks are used to indicate
propositions and other extralinguistic entities or, sometimes, to indicate a
shift in meaning.
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The source of the paradoxicality of FP is a rather surprising fact
that (Ver) is quite incompatible with the evident principle that we
are not omniscient:

(NonOmn) ∃p (p ∧ ¬Kp) non-omniscience

Using classical logic and the above four rules, adding (Ver) to
(NonOmn) leads to the opposition of (NonOmn), i.e.

(Omn): ∀p (p ⊃ Kp).

Here is the full derivation, i.e. FP:

1. ∃p (p ∧ ¬Kp) (NonOmn)
2. (p ∧ ¬Kp) an instance of 1.
3. ∀p (p ⊃ 3Kp) adding (Ver)
4. (p ∧ ¬Kp) ⊃ 3K(p ∧ ¬Kp) substituting 2. for p in 3.
5. 3K(p ∧ ¬Kp) MP on 4. and 2.
6. K(p ∧ ¬Kp) assumption per absurdum

7. (Kp ∧ K¬Kp) (Dist) on 6.
8. (Kp ∧ ¬Kp) (Fact) on 7.
9. ¬K(p ∧ ¬Kp) reductio

10. �¬K(p ∧ ¬Kp) (Nec) on 9.
11. ¬3K(p ∧ ¬Kp) (ER) on 10.

Thus, 11. contradicts 5., which means that adding (Ver) to (NonOmn)
leads to (Omn).

3. Tarskian typing knowledge

As said above, the recent literature on the typing approach
to FP o�ers mainly the Tarskian approach. Tarskian typing at-
taches numerical subscripts to the predicate �K� (not the operator
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K which is an extralinguistic object) which is applicable on sen-
tences or rather their names (i.e. not on propositions which are
extralinguistic entities4).

There is, then, a whole hierarchy of knowledge predicates �K1�,
�K2�, . . . , �Kn�, whereas the subscripts indicate the proper levels
of their applicability: �Kk� can be applied only on (names of)
sentences of level k−1 (for 1 ≤ k ≤ n).5 Sentences of level k do
not involve �Kk� or �Kk+j� (for j ≥ 1). An exemplary sentence is
thus �Kkppk−1q�. The propositions containing no knowledge (or
truth, . . . ) operator, e.g. �pp0q�, have the lowest level, viz. 0.

The recent literature includes exact formulations of the typ-
ing rule within the Tarskian approach to knowledge as indicated
above. I will not discuss it, because I will concentrate on its ex-
act Russellian version. Similarly, I will not o�er a solution to FP
by Tarskian approach, since it is rather similar to the Russellian
version discussed below.

It is our task in this section to notice that Tarskian typing
readily causes the impression being ad hoc. Why the sole intu-
itive knowledge predicate is split into in�nitely many partial ones?
Why a sentence of a certain level cannot contain a predicate �K�
of a higher level? The only answer in the spirit of Tarski's sem-
inal article (1933/1956) is that the strati�cation is necessary in
order to prevent a paradox. But such justi�cation has no paradox-
independent motivation, it is clearly ad hoc.

As it has been already partly o�ered in the literature, such
conclusion can be to some extent resisted by referring to intuitions
which are utilized mainly by Russellian typing. For instance, there
is an intuition that knowing some proposition is in a sense a matter
of a higher level, thus the strati�cation of �K� is justi�ed. But it

4Some writers speak about applications of the predicate �K� to propositions,
while still using Tarskian typing.

5The level could be perhaps lower than k−1 because one naturally presup-
poses that sentences of lower levels (say, k−2) are also translated to the level
k−1. This topic is related to cumulativity discussed below.
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seems important to recall here that avoiding a paradox is not an
entirely idle reason as the above objection suggests. For Tarski the
distinction language / metalanguage and the subsequent strati�-
cation of the truth-predicate was a device to reach formally cor-
rect (i.e. also non-paradoxical) explication of the notion of truth.
Something very analogous holds also for the case of the predicate
�K�. (For further discussion of Tarskian typing knowledge see Sec-
tion 7.)

4. Russellian typing: propositions, types, the Vicious

Circle Principle

In contrast to Tarskian typing, Russellian typing assumes a bit
di�erent picture of our conceptual scheme. Being historically re-
lated to Russell's paradox and the (Russell-Myhill) Paradox of
Propositions, individuation and forming of propositions are the
proper cause of typing.

It is important to realize that in this approach a proposition

is regarded as the meaning of a sentence, i.e. an extralinguistic
abstract entity distinct from sequences of letters. Propositions are
intensional entities � two such propositions can thus be equivalent,
yet not identical. A proposition in this sense is an entity with a
�ne-grained structure, not a possible world proposition, which is a
�at mapping from possible worlds to truth-values. Intensional op-
erators such as the operator of knowledge operate on propositions,
not on their values (their extensions).

As is well known, type theories classify entities into (pairwise
disjoint) types, i.e. sets of objects.6 By extensional types we may
call types which classify extensional entities. The examples are
the type of individuals or the type of characteristic functions of
individuals (i.e. classes of individuals). A certain individual is

6The following description of type matters is partly idiosyncratic but it
aims to cover ideas of almost all (classical) type theories.

Beziau, J-Y.; Costa-Leite, A; D'Ottaviano, I. M. L. (orgs.). Aftermath of the
Logical Paradise, Coleção CLE, v.81, pp. 401�423, 2017.



Russellian typing knowledge and Fitch's . . . 409

then said to be of type (i.e. belongs to the type) of individuals.
Intensional types classify intensional objects. Examples include

the type of propositions or the type of monadic intensional oper-
ators. Every RTT involves at least one intensional type and this
type is rami�ed, i.e. split in the orders 1, 2, . . . , n. Thus, for
instance, the intensional type of propositions consists of the type
of �rst-order propositions (which is one of �rst-order types), the
type of second-order propositions, . . . , the type of n-order propo-
sitions.7 If it is clear from context that an object we discuss is
(say) a proposition, we brie�y say that it is of order k (instead of
�is of the type of k -order propositions�).

Not every RTT must involve all the types mentioned above.
Russell's RTT in Principia Mathematica (1910�13), for instance,
contains only the type of individuals and intensional types of propo-
sitions and propositional functions.

In RTTs similar to Church's, cumulativity is inbuilt to avoid
certain restrictiveness (cf., e.g., Church 1976, 747; cumulativity
seems to be involved already in Russell's RTT). Here I formulate
it for the case of propositions:

Every k-order proposition (for 1 ≤ k ≤ n) is also a k+1-

order proposition.

This means that the type of k+1-order propositions is a superset
of the type of k -order propositions, i.e. these types are not pairwise
disjoint. The order of a proposition, i.e. its belonging to a type of
propositions of a certain order, can vary from context to context
(being, of course, restricted by the VCP). Nevertheless, there is
always a unique lowest possible order of a proposition.

Categorization of entities into types is technically implemented
in a typing rule, see Section 5. Of course, categorization needs
a philosophical and logical justi�cation (see Section 7.), which is

7The notion of an intensional type is only auxiliary � it is not a genuine
type.
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particularly provided by VCPs which concern non-circular forma-
tion of entities.

We can understand a (Churchian) simple theory of types (e.g.
Church 1940) as implementing the principle I will call the Exten-

sional VCP :

No function (i.e. mapping) can be its own argument or

value, or parts of these

When this principle is applied, characteristic functions � i.e. the
functional correlates of sets/classes � are strati�ed in hierarchy.
Consequently, famous Russell's paradox is prevented.

Already in Appendix B. (1903), Russell also realized that a sim-
ple theory of types cannot prevent the (Russell-Myhill) Paradox of
Propositions he discovered in that time. The paradox presupposes
a proposition which quanti�es over totality of propositions of which
it is a member. Russell estimated that hierarchization of proposi-
tions would be a suitable solution to the problem. His supreme log-
ical theory, RTT, provides just this, cf. Russell (1908), Whitehead
and Russell (1910). RTT hierarchizes not just Russell's proposi-
tions, but also Russell's propositional functions. These have inten-
sional individuation as well as his propositions.

Constructing his RTT, Russell deployed the Intensional VCP,
as I will call it. He formulated it in more variants; the formulation
in Russell (1908, 237) goes like this:

Whatever contains a variable (in the objectual sense) can-

not be in the range of the variable, it is thus of (i.e. belongs

to) a higher type.

For instance, the composed proposition containing p, schemat-
ically (. . . p . . . ), cannot be in the range of p. This has a conse-
quence for quanti�cation because a proposition which quanti�es
over propositions collected in the type of k -order propositions has
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to be of a higher order, belonging thus to a type over which it
cannot quantify.

It was perhaps an uncertainty as regards the notion of vari-
able why Russell abandoned such formulation to be the technical
formulation of VCP in his Principia (but cf. Whitehead, Russell
1910, 168). Rather, he utilized there (p. 41) a statement already
published in Russell (1908, 225) which is similar to the following:8

Whatever includes (or somehow presupposes) a certain to-

tal is not itself a member of that total.

Critics of RTT usually overlook the message conveyed by formu-
lations of VCP(s) but also the more fundamental principle which
entails any VCP, which I call the Principle of Speci�cation:9

An item cannot be fully speci�ed (de�ned, . . . ) by means

of the item itself.

To illustrate, a certain function (as mapping) M could not be
speci�ed, if one needed this unspeci�ed M for that. To fully spec-
ify M, one has to determine all its arguments and values, which
would be impossible if M itself were among them. This holds quite
analogously for functions in intensional sense and also for proposi-
tions. In order to specify a proposition containing p, schematically
(. . . p. . . ), the range of p has to be determined. This would be
impossible if the proposition (. . . p. . . ) itself were in the range of
p. As regards the intensional operator Kk, it must be applicable

8Kurt Gödel (1944) noted that such formulations are not rigorous enough.
In order to make them rigorous, however, one would have to use an idiosyn-
cratic formal apparatus, which would be in a con�ict with the introductory
character of such general formulations.

9I derive it from considerations in Whitehead and Russell (1910, 41). I
recognize altogether four VCPs which lead to Tichý's type theory. In my
(2009) I also formulate the Principle of Speci�cation and discuss the idea of
presupposing involved in it and other such matters.
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only to propositions not containing it. The proposition such as
Kkpk has to be thus of a higher order (i.e. belonging to the type of
propositions of a higher order) than any proposition in the scope
of Kk � otherwise, Kk could not be (fully) speci�able.

It is thus the Intensional VCP, entailed by the Principle of Spec-
i�cation, which justi�es the splitting of intensional types in orders
and hierarchization of intensional notions. The type hierarchy is
not built up for some extraneous reason such as blocking a para-
dox10 but as an inevitable feature of individuation and formation

of propositions and intensional operators. This is the strong justi-
�cation of RTT and thus also of Russellian typing knowledge.

Below, in Section 7., this justi�cation of typing knowledge will
be subsumed under a quadruple of kinds of justi�cations. Before
that, I will study the technical implementation of typing ideas into
the typing rule and solution to FP.

5. Russellian typing rule

In conformity with what was said in the previous section, the
order of a proposition commeasures with the number of (intension-
ally) embedded intensional operators (plus one). Thus, a `base'
proposition such as `Fido is a dog' is of order 1, whereas an epis-

temic proposition, as I will call it, such as `Xenia knows that Fido
is a dog' is of order 2; the proposition `Yannis believes that Xenia
knows that Fido is a dog' is of order 3.

Several typing rules implementing this idea has been formulated
in the literature. Linsky (2009, 168), for instance, used typing
based on the theory of r -types by Church (1976, 748). My following
rule attempts to cover various cumulative RTTs, thus it abstracts
from details peculiar to particular theories.11

10That the Paradox of Propositions led to the discovery of the hierarchy of
propositions is another matter.

11My background theory is Tichý's RTT (1988) which has only one inten-
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For our purposes The Rule of Typing Propositions within Rus-
sellian approach is as follows (since cumulativity is incorporated,
�has the lowest possible order� is more precise than mere �is of
order�):

The lowest possible order of any (simple) proposition involv-

ing no intensional operator is 1.

Let pk be any proposition of order k, for 1 ≤ k.

The lowest possible order of an intensionally compound propo-

sition such as Kmpk, for m ≥ k, is m+ 1.

The lowest possible order of an extensionally compound propo-

sition is identical with the order of its subproposition which

has the highest order in it.

An example of a 1st-order proposition is p1 (simplifying the
talk I speak directly about its lowest possible order). In the case
of compound propositions the type is not written, but it is easy
to derive it. For instance, K1p1 is of order 2. The extensionally
compound proposition (p1 ∧ ¬K1p1) is of order 2 because its sub-
proposition K1p1, which has the highest order in it, is of order
2. The epistemic proposition K2(p1 ∧ ¬K1p1) is then of order 3.
Expressions �K1p2�, �K1K2p1�, �K2K2p1�, �K1(p2 ∧ q1)� do not
express any propositions.

For the purposes of this paper I have avoided a de�nition of
order of the operator K, although it is usually de�ned. It would be
enough to supplement the above rule in the sense that if, in some
context, the order of the proposition Kmpk is m+ l, for l ≥ 0, then
the order of Km is also m+ l.12

sional but many extensional types.
12When talking about type matters, while using untyped K or p, I speak �

using, of course, a metalanguage � a bit vaguely, thus one should appropriately
disambiguate my formulations.
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Note that the superscript of K does not thus indicate the order
of K, but an order of a proposition on which it is applied. Since
cumulativity is adopted, it is the order of the proposition as an
argument for K, which can be higher than the lowest possible order
of that proposition. For example, in the 3rd-order proposition
K2p1 the operator K2 is applied to the 1st-order proposition p1,
which serves here as a 2nd-order argument for K2.

6. Solution to FP by Russellian typing knowledge

The knowledge operators and propositions containing them are
governed by the system of derivation rules, whereas to each intu-
itive rule such as (Dist) there correspond its particular variants
with orders, e.g. (Dist2−2): K2(p1 ∧ q2) ` (K2p1 ∧ K2q2). Typing
approach to FP reveals consequences of such speci�cation.

Keeping the order as low as possible, the key part of the above
inference looks as follows:

6L. K2(p1 ∧ ¬K1p1) assumption per absurdum

7L. (K2p1 ∧ K2¬K1p1) (Dist) on 6L.
8L. (K2p1 ∧ ¬K1p1) (Fact) on 7L.

The proposition 8L. is not a contradiction. One cannot thus
derive that its negation is a tautology as in untyped FP. Hence,
the reductio is blocked.

As already Williamson (2000, 281) rightly noticed, the proposi-
tion 8L. is not contradictory only provided knowing2 p1 does not
entail knowing1 p1, i.e. if the following rule is not valid:

K2p1 ` K1p1.

In recent discussions of the rule, four kinds of reasons for typ-
ing knowledge were exposed. After their investigation in the next
section I will return to the question of the validity of the rule.
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Before that, one of the main counter-arguments against typ-
ing knowledge by Carrara and Fassio (2011, 192) has to be dis-
cussed. It will be shown that this counter-argument is directed
against non-cumulative type frameworks only. In such frameworks,
(K1p1 ∧ K2¬K1p1) should occur instead of 7L., because in non-
cumulative frameworks K2p1 is not possible. Using (Fact) we de-
rive then the contradictory proposition (K1p1 ∧ ¬K1p1), thus the
reductio would not be blocked. However, typing knowledge within
Churchian RTTs is not attacked by this argument because these
RTTs implement cumulativity.13

7. Russellian typing knowledge and four reasons

The recent analysis of typing solution to FP lead to the classi-
�cation and discussion of four kinds of reasons why to type knowl-
edge, i.e. why to hierarchize the operator K and propositions con-
taining it:

• typing based on content: logical / philosophical aspect

• typing based on epistemic access (stages of knowledge): log-
ical / philosophical aspect.

These four reasons were developed by Paseau (2008) who re�ected
Williamson (2000); see also Carrara and Fassio (2011). Although
the four reasons are not sharply de�ned, the division can ful�l its
instrumental purpose.

In Section 4., which was written in the style of Russell's ex-
planations in Principia or (1908), I have o�ered an exemplary
justi�cation of typing based on content, viz. on individuation and
forming of propositions. I have stressed mainly its logical aspect,

13Consequences of adoption of cumulativity for the solution of paradoxes
were studied by Anthony F. Peressini (1997) but the present case is not men-
tioned there.
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referring to VCP and principles of construction of propositions and
intensional operators.

I believe that such justi�cation must be ranked as superior to
the other ones. For an example, philosophical justi�cation of typ-
ing based on content does not need to be persuasive for those who
underline other intuitions (cf. below). Also philosophical justi�ca-
tion based on epistemic access is, again, not too �rm, because of
unstable intuitions related to the notion of knowledge.

An example of such con�ict of intuitions can be demonstrated
on the objection to typing knowledge which was raised by Carrara
and Fassio (2011, 189�90). They doubted the very distinguishing
of `base' and epistemic propositions, which is involved in the typ-
ing approach. According to their intuition, the proposition `Xenia
lies in the bed' is in fact an epistemic proposition because it in-
forms us that Xenia does not know what happens in the kitchen.14

However, such objection can be refuted by referring to the fact that
the second proposition is logically unrelated to the former and that
typing is based on the nature of the former proposition � not of
some another proposition imparted by it in someone's mind. Nev-
ertheless, one can imagine more sophisticated objections, which
show us that logical aspect is less impeccable.15

In discussions of the rule K2p1 ` K1p1 (cf., e.g., Paseau 2008,
163) there is also a tendency to explain typing of knowledge as
found on epistemogical reasons. Linsky (2009, 176) is careful when
saying that propositions are typed due to their content but that

14Carrara and Fassio originally used this example to attack a content-based
justi�cation.

15To illustrate, consider a new operator de�ned by L2 a` (K1p1 ∨ K2p1).
Something like �lying in bed� (�L�) can be an expression of L2, thus it is
not apparent on the linguistic level that �L� stands for an epistemic operator
and that the relevant proposition is thus epistemic. It is interde�nability
which shows that the genuine epistemic operator(s) are virtually present in
the proposition which should be typed appropriately. (For the T-version of
this problem see my 2014.)

Beziau, J-Y.; Costa-Leite, A; D'Ottaviano, I. M. L. (orgs.). Aftermath of the
Logical Paradise, Coleção CLE, v.81, pp. 401�423, 2017.



Russellian typing knowledge and Fitch's . . . 417

logical relation between them re�ects procedures for determina-
tion of epistemological states. Though I will suggest something
similar in Section 8., I o�er no logical or philosophical aspect of
epistemological justi�cation of typing knowledge in this section.

Now let us focus on Tarskian typing. It has a logical justi�ca-
tion consisting in an attempt to provide a formally correct (which
includes: non-paradoxical) explication of notions; this leads to the
strati�cation of �T� as well as �K�. In the case of �T� and semantic
paradoxes, however, this kind of justi�cation is more persuasive
than in the case of �K� and epistemological paradoxes.

As regards philosophical aspect, the Tarskian strati�cation of
�K� is even less similar to the strati�cation of �T�.16 The hierarchy
of T-predicates was explained as having a connection with the
applicability of a given particular T-predicate to sentences of a
selected language from a hierarchy of languages. It is di�cult to
see, however, any direct analogy between languages, i.e. sets of
expressions, and `knowledge nets' of true propositions. It is thus
easy to conclude that Tarskian typing is not convincingly justi�ed.

Turning our attention back to Russellian typing knowledge and
its philosophical justi�cation, it will no doubt be raised an objec-
tion which is based on the intuition that in language we have only
one predicate of knowledge, not their hierarchy, which is caused
surely by that there is only one true operator of knowledge. Note,
however, that we meet here the case when intuitions connected
to some intuitive notion are contradictory. An explication of the
notion must choose only some of them. The explication defended
in this paper underlines the intuition, also present in our every-
day construal of knowledge, that knowledge comes in levels. A
knowledge concerning knowledge of some other people is a typical
example of knowledge which is of a higher level than knowledge
related only to ordinary facts such as Fido's being a dog.

16Objections of similar style have been raised already by Carrara and Fassio
(2011, 185) and mainly Paseau (2008, 161).
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The existence of such intuition can be documented on the case
of, e.g., Socrates' paradox. Declaring that he knows nothing,
Socrates hardly meant a contradiction as its usual formalization
K∀p¬Kp suggests. According to RTT, Socrates rather expressed
the 3rd-order proposition K2∀p1¬K1p1. This captures our intuition
that Socrates can be ignorant of all 1st-order propositions, while
knowing2 the 2nd-order proposition that he knows1 no 1st-order
proposition. Socrates simply has a kind of `meta-knowledge'.

8. The refutation of the rule K2p1 ` K1p1

We have seen that the justi�cation of RTT, nor the Russellian
typing knowledge as such, does not provide a reason to reject or
accept the rule K2p1 ` K1p1 which is necessary for typing response
to FP. In this section, I am going to argue in favour of its rejec-
tion, which will be based rather on an assumption concerning the
properties of K.

In the relevant literature, one can �nd a tendency to explain
the invalidity of the rule by an appeal to an epistemic access to
p1, cf., e.g., Linsky (2009, 172) and mainly Paseau (2008, 171,
2009, 284). In my view, however, it is fully su�cient to maintain
that p1 is known for some reason (evoking here the classical de�-
nition of knowledge). The reason constitutes the attitude towards
p1 as knowledge rather than a mere belief or contemplation. A
proposition is justi�ed17 i� there is a reason for it:

Justi�edlpk a` ∃qm ReasonForm(qm, pk) (for m ≥ k).

The reasons qms serving for justi�cation of pk can be, say, in-
evitable steps in a derivation of pk. I do not exclude, but I do not

17I mean here justi�cation in a broad sense in order to resist possible ob-
jections of an epistemologist who does not acknowledge a narrow notion of
justi�cation to be a de�nitional part of knowledge.

Beziau, J-Y.; Costa-Leite, A; D'Ottaviano, I. M. L. (orgs.). Aftermath of the
Logical Paradise, Coleção CLE, v.81, pp. 401�423, 2017.



Russellian typing knowledge and Fitch's . . . 419

commit to, the possibility often discussed in the literature, viz.
that some qms are epistemic propositions or propositions about an
epistemic route to pk (e.g. m-order propositions such as that pk

was acquired from a reliable source). The character of the reasons
for pk is thus left undecided, i.e. I do not rely here exclusively on
the content or epistemic approach.

It follows from these considerations that for the 2nd-order
knowing2 p1 one needs a certain 2nd-order proposition q2 which
serves for the justi�cation2 of p1. This 2nd-order reason makes
K2p1 irreducible to K1p1. The rule K2p1 ` K1p1 is thus invalid.18

9. Conclusions

Repeating here the core of the above considerations, the explica-
tion of knowledge within RTT in which Russellian typing knowl-
edge is framed accommodates various important intuitions, e.g.
that knowledge concerns structured propositions, not sentences or
their names.19 Their very individuation and formation is governed
by the Intensional VCP. In consequence, a hierarchy of such propo-
sitions is considered. Quite analogously for knowledge and other
intensional operators which are speci�ed with help of propositions
on which they operate. Consequently, there is a hierarchy of par-
ticular knowledge operators.

The typing solution to various epistemological paradoxes is then
only a by-product of the approach. Unlike simple epistemological

18It might seem that, for justi�cation2 of p1, one needs a proposition whose
lowest possible order is 2. However, even a 2nd-order proposition q2 whose
lowest possible order is 1 su�ces its because being a 2nd-order proposition
increases the order of justi�cation and thus the order of knowledge from 1 to
2. In other words, the admission of reducibility (cf. Whitehead, Russell 1910,
59, 174) can in no sense attack the approach.

19I have not argued in favour of a non-linguistic, objectual construal of
knowledge as an attitude towards propositions, since it is a prevalent construal
today.
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paradoxes such as Socrates' paradox, FP brought a certain com-
plication for the typing response because it was necessary to reject
also the rule K2p1 ` K1p1. The reason for its rejection amounts
to that certain kind of knowing a proposition needs justi�cation
by means of propositions of a higher order than the order of that
proposition.

A certain important feature of the approach as defended in the
present paper is that rami�cation of knowledge is derived from
content of knowing rather than epistemic access (stage of knowl-
edge). It makes it possible to avoid certain unstable philosophical
intuitions connected to knowledge, and relies rather on logical con-
siderations pertaining to formation of propositions and intensional
operators.20 21
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